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Abstract-In this paper, the necessary and sufficient conditions for permanence and extinction of 
the autonomous two-species Lotks-Volterra system with distributed delays are given. Some previous 
results are improved and extended. Moreover, it is shown in our paper that the permanence and 
extinction of the distributed-delayed system is equivalent to that of its nondelayed system. @ 2003 
Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION AND MAIN RESULTS 
Consider the following autonomous competitive system with delays: 
ag)zj(t + 0) d&6’) 
?2(t) = rcz(t) 
where xi(t) = #i(t) 2 0, t E [-T,O], and q&(O) > 0, i = 1,‘2. T = maxl~i,j<z, k=l,..., ,,{T/f’>. 
$)(8) are nondecreasing functions on [-T/~‘,O] satisfying $)(O+) - /.$‘(--T%.) = 1, i,j = 1,2, 
k = 1,2,. . . ,n. We suppose: a!!‘, 7;:’ 2 0, bi, CL=, aj,k’ > 0, and di(t) is continuous on [-T, 01. 
For the purpose of conveniencil we write Aij = Et=, a~~‘, i, j = 1,2, k = 1,2,. . . , n. 
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DEFINITION 1. System (1) is permanent if there is a compact region K in the interior of R$ = 
{(zr,zs) ] z1 > 0, x2 2 0) such that all solutions x(t) = (xr(t),zz(t)) of system (1) ultimately 
enter and remain in K. 
DEFINITION 2. xi (i = 1,2) is extinct if lim t+mxi(t) = 0 holds for each solution x(t) = 
(x1(t),22W) of (11. 
One of the important problems for (1) is to analyze its effect of time delays on permanence 
and extinction. There are considerable works devoted to this problem, such as [l-5]. In [l], 
Lu and Takeuchi studied a special case of (1) and established the sufficient conditions for its 
permanence, which improved the corresponding results in [2,3,5]. In this paper, we consider (1) 
and construct the necessary-sufficient conditions of its permanence and effect. We considerably 
improve and generalize some previous works. Moreover, we show the permanence and extinction 
in (1) is equivalent to that of its nondelayed system as follows: 
h(t) = xl(t)@1 - &xl(t) - &2x2(t)), 
h(t) = x2(t)(b2 - A2121(t) - A2222(9). 
(2) 
In biology, this implies the length of the maturity time does not affect the permanence or the 
extinction of a species-such a conclusion, clearly, is significant. We will construct some perma- 
nence functions and extinction functions (Liapunov-type) that are developed in [1,4,6,7]. Our 
main results are as follows. 
THEOREM 1. System (1) is permanent if and only if it satisfies 
hA22 > b2A12 and (HI) 
REMARK 1. In [6], it was proved as n = 1, a$’ > 0 (i # j, i,j = 1,2) and (HI) holds, then (1) 
is permanent. While from Theorem 1 we know (HI) is the necessary-sufficient condition for the 
permanence of (l), clearly .I;’ > 0 (i # j) is not essential for the permanence of (1). Hence, 
Theorem 1 greatly extends those responding results in [l-3,5]. 
THEOREM 2. x1 is extinct if and only if system (1) satisfies 
or h&2 L bA2 and bh =c bA1. (Hz) 
THEOREM 3. In (l), species 2 is extinct if and only if system (1) satisfies 
blA22 > b2A12 and blA21 2 b2All or h&z 2 b2A12 and h-&l > Wll. U-b) 
Let ~!k) = 0 i j = 1 2 k = 1 . . 1 n. Then system (1) becomes (2). It follows from Theo- 
rems 1:; that i2j is permanent if and only if (Hi) is satisfied. xi in (2) is extinct if and only 
if (Hz) holds while z2 is extinct if and only if (Hs) holds. Therefore, by Theorems 1-3, we get 
the following corollary. 
COROLLARY 1. System (1) is permanent if and only if system (2) is permanent. xi (i = 1,2) 
in (1) is extinct if and only if xi of (2) is extinct. 
REMARK 2. By Theorem 1, the delays in (1) have no effect on its permanence, and then they are 
harmless delays as those in [7]. By Theorems 2 and 3, delays in (1) do not affect the extinction 
of each species, and hence, they are useless delays as those in [6]. 
REMARK 3. By Corollary 1, we proved the open problem by Kuang [7, p. 310, Open Problem 8.11 
in the two species case. 
In Section 2, we prove some preliminaries. We verify the main results in Section 3. 
Necessary-Sufficient Conditions 913 
2. PRELIMINARIES 
By similar arguments to those in [7], we have the following lemma. 
LEMMA 2.1. Each solution z(t) = z(t, 4(t)) = (q(t), %2.(t)) to (1) is positive and ultimately 
bounded. That is, for each s(t), there exist two positive constants Tl = Tl(q5) and Ml = MI (4) 
such that xi(t) < Ml for all t 2 Tl, i = 1,2. Further, if #i(t) 5 Ml, t E [--7,O], i = 1,2, then 
xi(t) 5 Ml for all t 10. 
LEMMA 2.2. Assume (1) satisfies (Hz); then q(t) is extinct. 
PROOF. Let us construct the Liapunov-like function 
Then, 0 < M2 < +CXI and we have 
W(t) 
dt = -K(t) [(bz-k - bl&l)~l(t) + (b42 - h&&a(t)]. (1) 
(4) 
Hence, v <0 for all t 2’0. By VI(~) >O, limt+oo VI(t) exists and we have limt+oo T =O. 
Let cl = limt+oo VI(~). We now prove cl = 0. If it is not true, we have cl > 0. Consider two 
cases. 
CASE 1. blAz2 5 b2A12 and blA21 < b2All. 
By Lemma 2.1 and (4), w 5 -Vl(t)(bzAll - blAzl)zl(t), and then we have 
0 = )iI = I Lm[-Vl(t)(bzAll - b1A+l(t)]. dt 
This implies lim+, 51 (t) = 0, and then by the second equation of (l), z2 has positive eventually 
below boundary. Notice 
i,j=l kc1 -T;j 
< V-llhZWh . Ml/b' ~ o 
- 1 1 2 9 ast-+oa 
Then we get a contradiction. This proves Case 1. 
CASE 2. blA22 < b2A12 and blA21 5 b2All. 
BY (4), +!#(I) I -K(WA2 - h&h(t). B y similar arguments to Case 1, we have 
limt-oo x2(t) = 0. Then zi has positive eventually below boundary. Also, by similar arguments 
to Case 1, we get limt,, q(t) = 0. It is a contradiction; then we prove Case 2. 
By Cases 1 and 2, we have cl = 0. Since 
2 9l 
-Wz 
0 t 
c x(-l)ib2al:’ J J (k) z.(s) dsd&)(B) 3 3 i,j=l k=l -Tlj t+o 
5 V;lba . .$lbz . &lb2 + 0, ast--+oa. 
This proves Lemma 2.2. 
With similar arguments to Lemma 2.3, we have the following lemma. 
LEMMA 2.3. If system (1) satisfies (Hs), then species 2 is extinct. 
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3. PROOF OF THE MAIN RESULTS 
Divide the coefficients in system (1) into the following five cases. 
(4 VW 
@I PW 
(4 (H3). 
(d) blA22 < b2Al2 and blA21 > bzA11. 
(e) blA22 = b2A12 and blA21 = b2All. 
Then coefficients of system (1) must satisfy one of the five cases. 
PROOF OF THEOREM 1. 
SUFFICIENCY. Let d = AllA - A12A21; then d > 0. Define 
and 
A22 -412 A21 -411 
Cl1 = -7 
:i 
Cl2 = --, 
d 
c21 = --) 
d 
c22 = -3 d 
- 2 24% O (l.) , 1 = 1,2, 
i,j=l k=l J J -‘Tij 
,:, c$)xj(s) dsdj&‘?) 
) 
dP1 (t) = blPl(t) 
( 
h&u - bzAn 
dt 
(1) 
d -El(t) . > 
(5) 
Similarly, we have 
dPz(t) 
dt 
= b2P2(t) . 
(1) ( 
bzAl1 - h-41 
d -x2(t) > 
Let Wl(t) = flL, xi bzcli, 1 = 1,2. Then (l/M3) . Wi(t) 5 Pi(t) 5 M3 . W,(t). 
We write 
(6) 
61 = $ min {h&2 - k-412, b2All - h&l), 
62 _ 2~2 ,nin (b~lAlild . Ml-b2A21/d, b~Ala/d . M;blAlZ/d) , 
3 
63 = 62 . -L 
Mi’ 
Sl = ((~1~2) E R2, 1 Wi(t) 2 62, x; I MI, i = 1,2, t 2 TI +T}, 
S2 = {(x1,52) E R2, '1 Wi(t) 1 63, x, 5 MI, i = 1,2, t 2 TI + T} , 
S3 = {(x1,52) E R2, 1 Pi(t) 2 62 . n/r,, xi < Ml, i = 1,2, t 2 TI + T}, 
and let W/l) denote the surface of Wl(t) = 62, IV/‘) that of Wl(t) = 63, 1 = 1,2. 
CLAIM 1. S3 c S1 c S2 c Int R$. 
We only need to prove S2 c Int R2,. Assume z = (~1, x2) E S2; then WI(~) > 63 and Wz(t) > 63 
for all t 2 Tl + 7. Let 0 = @‘blAZZ+bl’bZA1l, and thus, W~‘b1Aa2 ’ W$‘b2A’1 1 0. Hence, we 
have 
(bzA11-hAzl)ldAu 
Xl 
. xUOzrh%z)ldh > (T 
2 - . 
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Use (HI) and notice 0 < z1,22 < Ml for all t 2 Tl + 7. Then 21 and 12 have positive below 
boundary as t 2 2’1 + 7. This completes Claim 1. 
CLAIM 2. If there is some to > Tl f 7 such that x(to, 4) E S1. Then x(t, 4) E Sz for all t 2 to. 
Suppose this is not true, and there exists a tl > to and some lo E {1,2} such that z(tl, 4) E 
w/02). Then we can find tl 2 t3 > t2 1 to and 1 E {1,2} such that 
2(f3,d) E wj2), x(tz,b) E wp, 
and for t3 > t > t2, z(t,d) E 5’2 \ &, and 63 < W’l(t) < 62. 
Notice clj < 0 a~ j # 1, and hence, as t E (t2, t3), we have 
By’(5) and (6), 91~~) > 0, and thus, Pl(t3) > 8(b). But 
9 (t3) I 63 . M3 I W @2> . exp = Pl(t2). 
A contradiction, this verifies Claim 2. . 
CLAIM 3. For each c)(t) = (&(t),&(t)), t 6 [--7,O], there exists 64 = b4(4) > 0 such that 
Xi(ty f$) > 64 for all t 1 0, i = 1,2. 
Let 
64 = (~/(Ms)~). 6:. Here kfi = sup,lo{z~(t),z2(t)}. We define 
S; = {x = (zI,z~) E R: 1 W(t) 2 Sk, xl(t) 5 M;, I = 1,2}, 
S; = {x = (~1~~2) E R: ) W(t) 1 d;, xl(t) 5 AI;, 2 = 1,2}. 
Hence, Si c Si c Int R: and x(0,4) E Si. By similar arguments to Claim 2, we can prove that 
x(t, c$) E Si for all t 1 0. This completes Claim 3. 
CLAIM 4. There exists a positive constant T2 and T2 > Tl + r such that x(T2) E S3. 
If this is not true, x(t) E S \ S3 for all t 2 Tl + 7, where S = {z E R: 1 0 5 q,22 5 Ml}. Let 
P(t) = min{Pl(t), P2(t)}. 
Due to the definition of S’s, we have P(t) < 62. A43 for each t 2 Tl + 7. Let E = Z(t) E {1,2} such 
that P(t) = 9(t). Hence, 
Notice ql > 0 and cli < 0 for i # 1. Then we have 
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BY (5) and (6), 
@Pi = D+fi(t)Ic~) 2 6161 . 9(t) L min{bl, b2}SlFl(t) = min{bl, bz}SlP(t). 
This implies P(t) --) co as t -+ 00. But due to Claim 3, P(t) is bounded, a contradiction, 
completing Claim 4. 
Therefore, by Claims 4, 2, and 1, we prove the sufficiency of Theorem 1. 
NECESSITY. Since system (1) is permanent, by Lemmas 2.2 and 2.3, system (1) does not sat- 
isfy (b) and (c); otherwise one of the two species in (1) will become extinct. 
Now we prove (1) dissatisfies (e). Otherwise, it satisfies (1). By the permanence of (l), there 
exist positive constants m < min{Ml/2, bl/All} and T2 > Tl + r such that q(t) 2 m for all 
t > TZ and i = 1,2. But by (e), all the points on the line ally + a1222 = bl are the fixed points 
of (1). A contradiction, then (e) does not hold. 
Further, we verify (d) cannot hold, either. Otherwise if (1) satisfies (d), then d < 0. Denote 
dQl@) - (1) = hQl(~)[-(b2Al2 - hA22) + (-b‘h - Ad22)xl(~)]. dt (7) 
Let I&(t)! < min{Ml/2, (b2A12 - blA22)/2(AlzA21 - AllA22)) and (Q1(0)M~A1aM~)1’b1A22 < 
(bzAl2 - blA22)/2(A12A21 - AllA22) for t E [-T,O]. By Lemma 2.1, zi(t,q%) 5 Ml for all t 1 0, 
i = 1,2. Hence, 
dQ1 (t) 
dt = hQl(O)[-(b2An - h&d + (AI&I - A~~~zz)~l(O)l < 0. t=o 
We claim * < 0 for all t 2 0. Otherwise, there exist some to > 0 such that vltzto = 0 
and v < 0 for 0 < t < to.$Thus, Ql(to) < &l(O). But due to the definition of &l(t), 
< Q1(0)M;1A12M~’ 
[ 1 llb~&.a < b2Al2 - h&2 Q&.-h - ‘&l&2) ’ 
By (7), -It+ < 0, a contradiction. Then as t 2 0, Ql(t) < &l(O). Similarly to the above 
arguments, we have xl(t) < (b 2 A 12 - blA22)/2(Ad21 - AlAd, t 2 0. 
Using (7), we get w < -(b1/2) (bzAl2 - blA22) . &l(t). This implies limt+oo &(t) = 0, a 
contradiction with the permanence of (1). Hence, (d) does not hold. 
Therefore, (1) just satisfies (HI); this proves the necessity of Theorem 1. 
PROOF OF THEOREM 2. Since Lemma 2.2 proves the sufficiency of Theorem 2, we just need to 
prove the necessity. By similar arguments to those in [6], the extinction of species 1 follows that 
species 2 has positive eventually below boundary. Using Theorem 1, Lemma 2.3, and a similar 
proof to that for Theorem 1, (a), (c), and (e) do not hold. 
Now we prove (1) dissatisfies (d). Denote 
With similar arguments to the necessity of Theorem 1, we have lim+, &z(t) = 0, which directly 
deduces limt-,oo x2(t) = 0, a contradiction. This proves Theorem 2. 
Theorem 3 can be proved in the same way as Theorem 2. Hence, we omit its proof. 
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